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On the basis of the published CALPHAD-type thermodynamic parameters, the atomic mobilities
of Ag and Au in face-centered cubic (fcc) Ag-Au alloys are critically assessed, where self-
diffusion coefficients, impurity diffusion coefficients, tracer diffusion coefficients, interdiffusion
coefficients and concentration curves are simultaneously optimized. Good agreements are
obtained by comprehensive comparisons between the calculated and experimentally measured
values. In addition, the developed mobilities are successfully used to study inert marker
movement for one-dimensional and two-dimensional cases. It is believed that the obtained
parameters can provide helpful guidance for material designs.
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1. Introduction

Ag and Au atoms have many similar properties, such as
lattice constants, electronic structures, and chemical stabil-
ities, resulting in fairly weak interactions when they are
alloyed to form a continuous solid solution over the entire
concentration range.[1] Ag, Au, and their alloys are fre-
quently used in jewelry, electrical contacts, and brazing
alloys. In addition, the Ag-Au binary system can be used as
an ideal candidate for theoretical studies.[2] The diffusion-
induced Kirkendall effect in solids is very common in
various phenomena, such as migration of macroscopic
inclusions inside interaction zones, development of diffu-
sion porosity, generation of internal stress, and even
deformation of materials on a microscopic sale.[3–7] These
processes are of great concern in a wide variety of fields,
including composite materials, coatings, welded compo-
nents, and thin-film electronic devices.

Highly precise mobility databases of alloys are indis-
pensable in the study of diffusion-controlled transforma-
tions. In combination with thermodynamic parameters,
mobilities can generate intrinsic diffusion coefficients and
interdiffusion coefficients, which can be used to predict
diffusion-controlled transformations in multicomponent sys-
tems. In the CALPHAD-type assessment procedure for
diffusion, model parameters for mobilities of different
elements in different phases are evaluated from experimental

information[8,9], that is, impurity diffusion coefficients, self-
diffusion coefficients, tracer diffusion coefficients, interdif-
fusion coefficients, and concentration curves. Based on the
known experimental information, the obtained mobility
parameters can be used to extrapolate diffusion coefficients
in the composition and temperature regions where experi-
mental data are absent. Studies of diffusion are not only of
theoretical interest but also of practical importance.

So far, great efforts have been made on the assessment of
thermodynamic parameters, and various thermodynamic
databases are established. However, such is not the case for
mobility databases to the best of our knowledge, although
they are extremely useful to understand how microstructures
evolve at high temperatures. The purpose of this work is to
evaluate the atomic mobilities of Ag and Au in face-
centered cubic (fcc) Ag-Au alloys as a function of
temperatures and compositions by the CALPHAD
approach.

2. Model Description

For an n-component system, the interdiffusion coeffi-
cients, referred to the volume-fixed reference frame, have
been given by the following general expression[10]:
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Xn
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ðEq 1Þ

where dki is the Kronecker delta (dki = 1 if i = k, otherwise
dki = 0); xi, li, and Mi are the mole fraction, chemical
potential, and mobility of element i, respectively; the nth
element is chosen as the dependent element. If A is chosen
as the dependent element, the interdiffusion coefficient for a
fictitious A-B binary system can be written from Eq 1 as:
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For a phase that is described by the substitutional
solution model, the chemical potentials of A and B can be
evaluated by:
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where Gm is the molar Gibbs free energy of a substitutional
phase. Inserting Eq 3 into Eq 2, one can obtain the
interdiffusion coefficient where the chemical potentials are
eliminated:
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The temporal and spatial evolution of element A is given
by the Fick’s law in the mass conservation form as:

@xA
@t
þr � ð�~DrxAÞ ¼ 0 ðEq 5Þ

From the absolute rate theory, the mobility for element i
can be divided into a frequency factor,M 0

i , and an activation
enthalpy, Qi, by

[10]:
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where Ui is a composition-dependent property that can be
expressed by the Redlich-Kister polynomial:

Ui ¼ xAU
A
i þ xBU

B
i þ xAxB

X

r

rUA;B
i ðxA � xBÞr ðEq 7Þ

where UA
i , UB

i , and rUA;B
i are model parameters to be

evaluated from experimental data and may vary linearly
with respect to temperatures.

Assuming a monovacancy mechanism, the tracer diffu-
sion coefficients can be correlated to the atomic mobilities
by[11]:

D�A ¼ RTMA

D�B ¼ RTMB

�
ðEq 8Þ

where D�A and D�B are the tracer diffusion coefficients for
element A and B, respectively.

If the thermodynamic factor is defined by:
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then Eq 4 can be written as:

~D ¼ ðxAD�B þ xBD
�
AÞF ðEq 10Þ

Alternatively, ~D can be written in terms of the intrinsic
diffusion coefficients:

~D ¼ ðxADI
B þ xBD

I
AÞ ðEq 11Þ

where the intrinsic diffusion coefficients of A and B are
expressed by:

DI
A ¼ D�AF

DI
B ¼ D�BF

�
ðEq 12Þ

Atomic mobilities can be sought from various measured
data; this is called an inverse problem. A common way of
treating an inverse problem is to minimize an error norm
defined on the discrepancy between the predicted and
measured quantities[12]:

error norm

¼
X

wjðlogDcalc
j � logDmeas

j Þ2 þ
X
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k Þ2

ðEq 13Þ

where wj and wk are the weighting factors; Dmeas
j and Dcalc

j
are the measured and calculated jth diffusion coefficient
data; xmeas

k and xcalck are the measured and predicted kth
concentration data. The summation is taken over all the data
for an optimization, during which various diffusion coeffi-
cients can be calculated from Eq 8, 10, and 12.

In this study, the optimization is performed in the
optimization lab of a commercial finite element package,
Comsol Multiphysics. This optimization lab provides a
gradient-based constrained optimization route to find the
minimum value for a user-defined problem. It should be
noted that a subfunction that can solve Eq 5 with given
mobility parameters must be provided in the optimization
process to calculate the error norm contribution in Eq 13,
which can be naturally provided by Comsol Multiphysics
due to its powerful capability in dealing with partial
differential equations. During the optimization, the model
parameters can be conveniently fixed by equating their
upper and lower bounds, and the elimination of some
experimental data can be done by setting their weighting
factors to zero. It should be noted that there are many
choices of the model parameters that can reproduce nearly
identical experimental results, and the outputs are weakly
sensitive to input variations, which is part and parcel of the
characteristics of inverse problems. Therefore, one should
adjust all the parameters within reasonable orders of
magnitude.[13]

The thermodynamic parameters that were used were
taken from the assessment of Hassam et al.[14] All the
experimental data mentioned below were selected to
evaluate the atomic mobilities of Ag and Au in fcc Ag-Au
alloys. The mobility parameters for self-diffusion coeffi-
cients of Ag and Au have been reported by Ghosh[15] and
Wang et al.,[16] respectively. Accordingly, they were
adopted for this study. The impurity diffusion coefficients
of Ag in Au and Au in Ag were optimized first to obtain the
two mobility end-members. Those interaction parameters
were then determined from the tracer diffusion coefficients
and the interdiffusion coefficients. At last, the concentration
profile data were applied, and a good convergence was
expected because the parameters evaluated from various
diffusion coefficients could be used as reasonable initial
values.

Section I: Basic and Applied Research

406 Journal of Phase Equilibria and Diffusion Vol. 29 No. 5 2008



3. Experimental Information

Several investigations have been performed to measure
the impurity diffusion coefficients of Au in Ag as well as
those of Ag in Au. Using 198Au as the tracing element and
applying the sectioning method, Jaumot and Sawatzky,[17]

Mead and Birchenall,[18] and Mallard et al.[19] measured the
impurity diffusion coefficients of Au in pure Ag over
different temperature ranges. Using 110Ag as the tracing
element, Mallard et al.,[19] Klotsman et al.,[20] and Herzig
and Wolter[21] measured the impurity diffusion coefficients
of Ag in pure Au by the sectioning method.

By means of the sectioning technique, Mallard et al.[19]

measured the Ag and Au tracer diffusion coefficients in
Ag-Au alloys with 0, 8, 17, 35, 50, 66, 83, 94, and 100 at.%
Au at different temperatures. The authors reported that the
limiting error in such measurements was due to the
temperature uncertainty rather than the sectioning process.
As a result, the Ag and Au tracer diffusion coefficients
measured for different temperatures and compositions were
reported. Mead and Birchenall[18] measured the tracer
diffusion coefficients of Au in 25 at.% Au alloys and 75
at.% Au alloys at various temperatures by the sectioning
method. In addition, the impurity diffusion coefficients of
Au in Ag at various temperatures were reported. The authors
stated that the chemical interdiffusion coefficients were also
measured, but were of low accuracy because of the
development of porosity. Meyer and Slifkin[22] measured
the tracer diffusion coefficients of Ag and Au at 1223 K by
the sectioning method. A radioactive tracer, either 198Au or
110Ag, was plated on one end of each couple that was
annealed at 1223 K for different time. The tracer diffusion
coefficients of Au and Ag as a function of concentrations
were reported. Johnson[23] investigated the tracer diffusion
coefficients of Au and Ag as well as the chemical diffusion
coefficients in 50.8 at.% Ag alloys at various temperatures,
where diffusion was studied by chemical analysis and the
use of radioactive Au and Ag as tracers.

Seith and Kottmann[24] measured the interdiffusion
coefficients of the Ag-Au system at 1173 K over the entire
composition range with Ag/Au diffusion couples annealed
for 352,800 seconds. The corresponding concentration
distribution of Au across the diffusion couple was measured,
and the Matano plane was used to determine the interdif-
fusion coefficients. Balluffi and Seigle[25] investigated the
interdiffusion of the Ag-Au system by gas-solid diffusion
couples. High-purity Au disks were used, and Ag was
supplied from the vapor phase at 1213 K. The interdiffusion
coefficients were reported within the concentration range
from 40 to 90 at.% Ag.

Dallwitz[26] measured the concentration distribution of
Ag in one diffusion couple that was made of pure Ag and
pure Au. Inert markers were placed between the two halves
of the couple before annealing. The diffusion couple was
annealed at 1177.5 K for 172,800 seconds and then
sectioned longitudinally. The element distribution was
analyzed by the electron microprobe. The information on
the Kirkendall marker displacement was also reported by
Dallwitz [26] Cornet[27] investigated the mutual diffusion by

Ag/Au diffusion couples annealed at 1188 K for 90,000
seconds. In addition to the concentration curve, the dis-
placement of inert markers to trace the movement of lattice
planes was also presented by Cornet.[27]

4. Results and Discussion

4.1 Parameter Assessment

Ghosh[15] optimized the mobility parameters for fcc Ag
from the reported experimental self-diffusion coefficients.
According to the published experimental data on the self-
diffusion coefficients, the mobility parameters for fcc Au
were assessed by Wang et al.[16] These mobility parameters
can reproduce most of the experimental data, and therefore
they are adopted in the present work. The mobility
parameters finally obtained in this work as well as those
from the work of Ghosh[15] and Wang et al.[16] are listed in
Table 1. The Ag-Au phase diagram calculated from the
thermodynamic parameters of Hassam et al.[14] is given in
Fig. 1. The thermodynamic factors calculated for various
temperatures are presented in Fig. 2, where all the curves
are convex upward, indicating the solid solution is stable at
these temperatures.

Figure 3 shows the calculated temperature dependence of
Ag impurity diffusion coefficients of in pure Au compared
with the experimental data reported by Mallard et al.,[19]

Klotsman et al.,[20] and Herzig and Wolter.[21] The calculated
values in the present work are in good agreement with the
experimental ones. Figure 4 presents the calculated temper-
ature dependence ofAu impurity diffusion coefficients in pure
Ag along with the experimental information. The calculated
values agree well with the experimental data reported by
Jaumot and Sawatzky,[17] Mead and Birchenall,[18] and
Mallard et al.[19] Comparisons between the calculated and
the experimentally measured temperature and concentration
dependence of Au and Ag tracer diffusion coefficients in
various Ag-Au alloys are presented in Fig. 5, 6, 7, 8 and 9. As
can be clearly seen, the calculated results can reproduce most
of the reported experimental data. Figure 10 compares the

Table 1 Mobility parameters for the fcc phase
in the Ag-Au binary system (all in SI units)

Phase Model Mobility Parameters

fcc (Ag,Au)1(Va)1 Ag UAu
Ag =- 169,000- 97.68T

UAg
Ag =- 175,892- 93.50T(a)

0UAg;Au
Ag =- 34,686.15 + 22.10T

1UAg;Au
Ag = 6316.20

Au UAu
Au =- 176,600- 95.70T(a)

UAg
Au =- 202,078.51- 77.88T

0UAg;Au
Au =- 21,198.91 + 4.02T

1UAg;Au
Au = -5093.59

(a) Mobility parameters for self-diffusion of Ag and Au are taken from the

work of Ghosh[15] and Wang et al.,[16] respectively
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Fig. 1 Calculated Ag-Au binary phase diagram according to
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Fig. 2 Calculated thermodynamic factor for various tempera-
tures according to the thermodynamic data of Hassam et al.14
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dependence of impurity diffusion coefficients of Au in Ag
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Fig. 6 Comparison between the calculated and experimentally
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calculated and experimentally measured interdiffusion coef-
ficients in Ag-Au alloys over the entire composition range.
The calculated interdiffusion coefficients are in reasonable
agreement with those experimental data.

Figure 11, 12 and 13 present the calculated concentration
profiles for Ag/Au diffusion couples, which were annealed
at 1188 K for 90,000 seconds, 1173 K for 352,800 seconds,
and 1177.5 K for 172,800 seconds, respectively. As shown
in the figures, the calculated curves are in good agreement
with the experimental data, which confirms the validity of
the mobility parameters obtained in this study.

For one-dimensional diffusion problems, the shape of
concentration curves and the interdiffusion coefficients are
directly correlated. The change of interdiffusion coefficients
with respect to compositions can be derived from the
curvature of the concentration curves around the Matano
plane. Assuming the origin of the coordinate for the
concentration curve is placed on the Matano plane and
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Fig. 7 Comparison between the calculated and experimentally
measured Au tracer diffusion coefficients
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applying the Boltzmann transformation, k = x/
ffiffi
t
p

, in Eq 5
for one-dimensional diffusion cases, one can have:

� k
2

dxAg
dk
¼ d

dk
~D
dxAg
dk

� �
ðEq 14Þ

where x is the coordinate variable, and xAg is the Ag molar
fraction.

On the Matano plane, x = 0 and kM = 0 can be obtained.
Therefore, on the Matano plane, Eq 14 can be expressed as:

d

dk
~D
dxAg
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� �				
kM

¼ 0 ðEq 15Þ

Upon rearrangement, one has:
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Equation 16 can also be written as:

d2xAg
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kM

¼ � 1
~D

d ~D

dxAg

dxAg
dk

� �2
					
kM

ðEq 17Þ

Equation 17 states that, on the Matano plane, the
curvature of the Ag concentration curve and the change of
the interdiffusion coefficients with respect to the Ag
concentration should have different signs. In Fig. 13, the
curvature on the Matano plane is positive, so it is evident
that:

d~D

dxAg
< 0 ðEq 18Þ

It can therefore be concluded that the interdiffusion
coefficients increase with the concentration of Au around
the Matano plane, which can be verified in Fig. 10.

4.2 Marker Movement Simulation

For a binary system, the two constituents may have
intrinsic diffusion coefficients that differ significantly from
each other, leading to the formation of two unequal and
opposite intrinsic fluxes. The occurrence of Kirkendall
effect, which is caused by the shift of the crystal lattice
during mutual diffusion, can be best visualized by the
motion of inert markers placed along the anticipated zone of
interdiffusion. Inert markers are frequently used in diffusion
studies to trace the movement of lattice planes. Generally
speaking, inert markers can be classified into two kinds:
Kirkendall markers and non-Kirkendall markers. Kirkendall
markers refer to those markers that are placed at the original
contact plane where concentration jumps exist, while non-
Kirkendall markers are those that are placed at some
distance away from the original joining plane with concen-
tration jumps. Therefore, non-Kirkendall markers can only
start to move when the concentration front has arrived.

The intrinsic diffusion fluxes of the components, which
reflect the mobilities of the species involved in the
interaction, are defined with respect to inert markers, the
so-called Kirkendall frame of reference. For the binary Ag-
Au system, the inert marker velocities in interdiffusion
zones can be computed with[28]:

~u ¼ d~r

dt
¼ ðDI

Ag � DI
AuÞrxAg ðEq 19Þ

where ~u and~r are the velocity and position vectors of each
marker, respectively; rxAg is the gradient of the molar
fraction of Ag, which has one, two, and three vector
components for one-dimensional, two-dimensional, and
three-dimensional diffusion problems, respectively. Upon
integration, the position of a marker that is placed at ~r0
initially can be calculated by:

~rð~r0; tÞ ¼~r0 þ
Z t

0
ðDI

Ag � DI
AuÞrxAgdt ðEq 20Þ

which shows that the position of a marker depends on not
only the difference in intrinsic diffusivities of the species but
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also the concentration gradient developing in the interdif-
fusion zone.

For one-dimensional diffusion problems, Kirkendall
markers are the only markers that stay at a constant
composition and move parabolically with time. Accord-
ingly, instead of using Eq 20 to trace the movement of any
marker positioned at~r0 initially, one may adopt the graphic
construction to locate the Kirkendall marker position by the
intersection of Eq 19 and 21.[29]

~u ¼ d~r

dt
¼~rk

2t
ðEq 21Þ

where~rk denotes the displacement between the position of
the Kirkendall markers and the Matano plane.

To give confidence in the calculated Kirkendall marker
movement, a benchmark example is used where the
diffusion couple information is presented in Fig. 13. The
author, Dallwitz[26] reported a displacement of about
136 lm. For this one-dimensional diffusion couple, a
graphical construction following Eq 19 and 21 is given in
Fig. 14, where the intersection point leads to a displace-
ment of around 99 lm for a Kirkendall marker. Consid-
ering the difficulties and large experimental errors in
marker displacement measurements, such an agreement is
satisfactory.

In this work, the movement of Kirkendall markers in a
multiple made from two pieces of pure Ag and two pieces
of pure Au is investigated. Each piece of Ag or Au has a
square dimension of 160091600 lm. The four squares are
placed with two sides facing each other so that the
interfaces form a cross, where inert markers are placed.
The temperature and time used for the diffusion simulation
can be found in Fig. 13. The simulation setup as well as the
final marker distribution is presented in Fig. 15. It can be
seen that the inert markers rearrange upon interdiffusion,
and all the markers in the diffusion zone are clearly
displaced in the Ag direction. Because of the assumption
that the volume of the fcc phase is not dependent on
concentrations, the four edges of the multiple remain

straight, and the multiple ends do not displace relative to
one another. Another interesting feature that can be seen
from this plot is the distribution of Kirkendall markers
around the center, which are aligned along the Ag-Ag
diagonal direction.

As mentioned previously, non-Kirkendall markers are
defined as the markers except for Kirkendall ones. In this
study, one piece of pure Ag and one piece of pure Au with a
dimension of 160091600 lm are joined together to inves-
tigate the movement of non-Kirkendall markers that are
placed along a straight line forming an angle of 45� with the
joining plane. The diffusion simulation is made for
1177.5 K and 691,200 seconds. The distribution of markers
before and after annealing is given in Fig. 16. Initially, these
markers form a straight line, but upon interdiffusion, these
markers that are within the interdiffusion zone shift to the
Ag side, leading to a notable bend of the marker array in this
diffusion couple. It is also noted that the markers out of the
interdiffusion zone still remain unchanged, and the marker
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Fig. 15 Simulated Kirkendall marker movement in a diffusion
couple annealed at 1177.5 K for 172,800 seconds. (a) Before
interdiffusion and (b) after interdiffusion. The color bar denotes
the concentration scale for Ag
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with the largest displacement is the one that is placed nearest
to the Matano plane.

5. Conclusions

The atomic mobilities of Ag and Au in fcc Ag-Au alloys
have been derived from various experimental data in the
literature, including impurity diffusion coefficients, tracer
diffusion coefficients, interdiffusion coefficients, and concen-
tration curves. Good agreements are obtained by comprehen-
sive comparisons between the calculated and experimentally
measured data. In addition, the developedmobility parameters,
in conjunctionwith CALPHAD-based thermodynamic param-
eters, have been used to investigate Kirkendall and non-
Kirkendall marker movement. The results show that the
markers will generally move to the Ag side because of the
higher intrinsic diffusion coefficients of Ag.
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